J. DIFFERENTIAL GEOMETRY
44 (1996) 331-370

A CONSTRUCTION OF SINGULAR SOLUTIONS
FOR A SEMILINEAR ELLIPTIC EQUATION
USING ASYMPTOTIC ANALYSIS

RAFE MAZZEQO & FRANK PACARD

Abstract

The aim of this paper is to prove the existence of weak solutions to the
equation Au 4+ u? = 0 which are positive in a domain £2 C R¥, vanish at
the boundary, and have prescribed isolated singularities. The exponent p
is required to lie in the interval (N/(N — 2),(N 4 2)/(N — 2)). We also
prove the existence of solutions to the equation Au + u? = 0 which are
positive in a domain §2 C R™ and which are singular along arbitrary smooth
k-dimensional submanifolds in the interior of these domains provided p lies -
in the interval ((n—k)/(n—k—2),(n—k+2)/(n—k—2)). A particular case
is when p = (n +2)/(n — 2), in which case solutions correspond to solutions
of the singular Yamabe problem. The method used here is a mixture of
different ingredients used by both authors in their separate constructions of
solutions to the singular Yamabe problem, along with a new set of scaling
techniques.

1. Introduction and statements of main results

In this paper we construct solutions with prescribed singularities for
the semilinear elliptic equation Awu + u? = 0 and other closely related
equations, for a certain range of values of the exponent p, in a variety
of situations. The solutions will have singularities prescribed along a
disjoint union of submanifolds of varying dimension. We now describe
our results, starting with the simplest case when the prescribed singular
set is discrete.

Suppose 2 is any bounded open set in RY, with smooth boundary.
Consider the equation

—Au = v?* in Q
(1) { u = 0 on 09,
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A weak solution of (1) is a function u which solves this equation on all
of 2 in the sense of distributions. In particular, any such solution must
belong to LP(§2). The singular set of a weak solution u, sing (u), is the
complement in §2 of the set of points where u is continuous, and hence
smooth.

Our first result concerns the case when the singular set is finite. We
single it out since its proof is slightly simpler than the more general
case.

Theorem 1. Let Q be as above, and suppose that ¥ = {z1,..., 25} C
Q is any finite set of points. Suppose also that the exponent p lies in the
range

N+2
2 2 cp<te
@) N2-P<N_2

Then there is a K parameter family of positive weak solutions u of (1)
with sing(u) = . In fact, the solution space of this equation is locally
a K dimensional real analytic variety.

It is known that if the exponent p is less than N/(N — 2), then any
weak solution of (2) must be smooth on all of 2. The existence of
solutions of this equation with prescribed isolated singularities when
p lies in the interval N/(N — 2) < p < poy, where p, is some value
close to N/(N — 2) (and in particular, less than (N + 2)/(N — 2)), has
already been solved by the second author in [10] and in [11]. When
p = (N +2)/(N —2), which is the so-called critical exponent, the prob-
lem becomes conformally invariant. There is then a loss of compactness
and the problem consequently becomes much more difficult. Solutions
now correspond to metrics of constant nonnegative scalar curvature
which are complete in a neighbourhood of the singular points. It is
geometrically more natural in this case to replace the domain by SV (or
in fact, any other compact manifold of nonnegative scalar curvature);
the operator A then needs to be replaced by the conformal Laplacian
A— ‘“—NN*_z—l)Ro, where Ry is the scalar curvature of the background man-
ifold. An additional source of difficulties in this case is that the position
of the singularities is no longer necessarily arbitrary. The general exis-
tence result for this geometric problem (when the background manifold
is the sphere) was obtained by R. Schoen [14]. The recent work of the
first author, along with D. Pollack and K. Uhlenbeck [7] examines the
moduli space of solutions for this problem.

In any event, Theorem 1 extends the result of [10] and [11] to the full
range of subcritical exponents.

It is also possible to prove existence of solutions of (1) which are sin-
gular along submanifolds of higher dimension. Now let ¥ = UX 3,
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where each ¥, C Q is a smooth submanifold without boundary of di-
mension k; > 0. We shall suppose that 2 C R, since we reserve the
symbol N (or more properly N; = n — k;) for the dimension of the
normal space to each X;.

Theorem 2. Suppose that the ezponent p satisfies

n—k,- < <7’l—kz+2
n—ki—-2-PSn k-2

or in other words

2 2 2
p—1 -1
fori=1,...,K. Then there is a positive weak solution u of (1) with

sing (u) = X. Provided at least one of the k; > 0, there is an infinite
dimensional space of solutions for this problem.

Again, the existence of solutions for this equation with higher dimen-
sional singular sets of dimension k¥ has been solved by Y. Rebai [13]
when the exponent p lies in the interval (n — k)/(n — k — 2) < p < py,
where p; is close to the lower endpoint of this interval, and in particu-
lar, less than (n — k + 2)/(n — k — 2). We shall only prove this result
when p > (n—k;)/(n — k; — 2) since it would complicate the notation to
cover the borderline case where p attains the lower limit of this interval
of values. However, the arguments below could be extended without
undue difficulty to cover this value as well.

A special case of Theorem 2 is the singular Yamabe problem. This
occurs when the exponent p attains the critical value (n + 2)/(n — 2).
In this case, the dimensions of the ¥; are allowed to lie in the range
0 < k; < (n—2)/2. As discussed above, it is more natural now to replace
Q) by the round sphere (S”,go), or indeed by any compact manifold
(M, go) with (constant) nonnegative scalar curvature, and to replace
the Laplacian by the conformal Laplacian Ly = A — ;l(in‘:"’l—)R(go). The
relevant equation now is

(3) —Lou = u*t

on M. At least when the background manifold is the sphere, it follows
from work of R. Schoen and S. T. Yau [15] that solutions to this singu-
lar Yamabe problem (for which the corresponding conformally related
metrics ¢ = u*/ (™2 g, are complete and have bounded Ricci curvature)
exist only if the dimension of the singular set is less than or equal to
(n — 2)/2. Thus, Theorem 2 implies

Theorem 3. Let (M,gy) be any compact manifold with constant
nonnegative scalar curvature. Let ¥ C M be any finite disjoint union
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of smooth submanifolds ¥; of dimensions k; with 0 < k; < 252, Then
there is an infinite dimensional family of complete metrics on M\ ¥
with constant positive scalar curvature.

Together with the result of [12], which treats the case k; = 252 when
n is even, this theorem settles the question of existence of solutions
to the singular Yamabe problem (with constant positive scalar curva-
ture) whenever ¥ is a finite disjoint union of smooth submanifolds with
dimensions greater than zero, but less than or equal to (n — 2)/2.

Finally, we may apply the arguments of [8] to slightly refine Theo-
rem 2 :

Theorem 4. Let & be any finite disjoint union of C** submanifolds
in Q of dimensions k; satisfying the restrictions above. Then (1) has an
infinite dimensional family of solutions.

The basic idea of Theorems 2 and 3 is that solutions of (1) with
positive dimensional singular sets may be obtained as perturbations of
solutions to the problem on the fibres of the normal bundle of ¥. The
exponent %}g is subcritical for the induced problem on these fibres,
which are of lower dimension than the ambient space. In particular, the
problem with critical exponent may be reduced to a subcritical one.

The paper is organized as follows. First we analyze the asymptotics
of rotationally invariant solutions of the problem on R¥ \ {0}. These
are then used to construct approximate solutions for each of the prob-
lems. At this point we then give a more detailed outline of the strategy
of the proof. The main task is to analyze the linearization of the non-
linear operator around these approximate solutions, and to prove that
these linearizations are surjective on appropriate function spaces. This
occupies the bulk of the paper. After this is accomplished, the exact
solutions are obtained by a fixed point argument. The deformation
spaces for the solutions of these operators, and the arguments necessary
to replace 2 by a manifold M are discussed in the last section.

The authors are grateful to Dan Pollack for having carefully read
the manuscript and making a number of suggestions to improve the
exposition.

This work was initiated while the second author was visiting the
Mathematics Department at Stanford University. F. Pacard would like
to take this opportunity to thank the Stanford Department for its hos-
pitality.

2. Singular radial solutions on RV \ {0}

In this section, we recall some well known facts which appear for
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example in [2].

Proposition 1. For any ezponent p € (FN__w %{%), there exists a

one parameter family of weak solutions u,, € > 0, for the equation
(4) —Au=u? in RV,

such that the u, are radial, singular only at the origin, and satisfy the
following properties :

ey (r)>0for 0 <7< oo.
e u, can be written as

u(2) = |a| "7 Tvy (— log(|z|/¢)),

where the function v, is bounded independently of e.
o limy; o v1(t) = v > 0, where

2 2
(5) ot = =2 (V- ),
p—1 p—1
and in particular, is independent of e.
. 2 . .
o lim,_, o e *V751)y, (t) < +o0; in particular, for |z| large

uc(z) = e(e¥" 71 + O(lz|™))|z[>V,

where the constant ¢ is independent of €.
e Finally, ||lv|[f= < 2Lont,

Proof. First define a new independent variable t = — log |z| and set
(6) u(z) = |z| "5 1v(- log(|z))-

Then the new function v(t) satisfies

2
) ah—(zv_z’il)atv— (N— 2 )v+v"=0.
p—1 p—1 p—1

Now look at the phase-plane portrait for this equation in the (v,wv;)
plane. The two equilibrium points are (0,0) and (v, 0), where vy is
defined in (5); the first of these is a saddle point and the second a stable
equilibrium. There is a single orbit issuing from (0,0) and tending to
(voo,0) as t = oco. Let v1(t) be one of the functions corresponding to
this orbit; it is determined only up to the choice of its initial Cauchy
data (v1(0),v}(0)). Now let v(t) = v;(t + log€). As e varies over (0, 00)
we obtain all solutions of (7) which converge to 0 as ¢ = —oco and to v
as t — oo.
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We now obtain an upper bound on the function v;(t). It is easy to
see that the trajectory (vi(t),v;(t)) is contained within the homoclinic
orbit of the Hamiltonian system

(8) atzw—p31<N—p2_p1)w+w”=0

which tends to (0,0) as ¢ tends both to +00 and —oo. Let (w;(t), w}(t))
parametrize this orbit. Then we conclude that

sup v; < sup wj.

The conservation of Hamiltonian energy for (8) now shows that

1 1 2p 1
9 —{8w;)? — ——— . A T S . o Ry )
(9) 2( hw) p—l(N p—1>w1+p+1w1 0
w, attains its supremum when w{ = 0, so we obtain the upper bound
vPHE) < ’3—42"—11;{,’;1 forall teR

This ends the proof of the Proposition.
Remark 1. For any € > 0, whenever u(z) is a solution of (4),
__2_ . . . . . . . .
e 7—1u(e~! z) is another * of this same equation. This dilation invariance
corresponds exactly to the translation invariance of the equationl (7)
for v. We let u,(z) be the solution corresponding to v, and

u(z) = e 7Tuy (e z)

Later we will also need the following :
Remark 2. By this rescaling we can always assume that, for any
given constant a > 0, v; may be chosen so that

(10) sup v (t) < a.
£<0

The final remark relates the construction of approximate solutions
here to those used in [8]: ,

Remark 3. The stable point (vs,0) corresponds to the singular
solution

uo(Z) = veolz| 7T,

This solution is invariant by the scaling described above. The fact that
u; is not dilation invariant is crucial in the construction of approxi-
mate solutions in this paper. The approximate solutions in {8] were
constructed using ug, but because of its dilation invariance, only local
solutions near the singular set could be proved to exist there.
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3. Function spaces

In this section we define the weighted Holder spaces C¥*(Q2 \ ) ap-
propriate for this problem. Roughly speaking, the functions in these
spaces are products of powers of the distance to ¥ with functions whose
Holder norms are invariant with respect to scaling by dilations from any
point on .

We shall use local Fermi coordinates around each component of ¥ to
define these spaces. When 3; is a point, these are simply (geodesic) po-
lar coordinates (r, ) around that point. When 3; is higher dimensional,
let 7:}“ be the tubular neighbourhood of radius ¢ around ;. It is well
known that 79 is a disk bundle over &;, and is diffeomorphic to the
disk bundle of radius ¢ in the normal bundle N%;. Using the metric,
this diffeomorphism is canonical. The Fermi coordinates in this tubular
neighbourhood will be constructed as coordinates in the normal bundle,
transferred to 7.9 via this fixed diffecomorphism. Here r is the distance
to &;, which is well defined in 7 and smooth away from ¥; provided
o is small enough, y is a local coordinate system on X;, and 6 is the
angular variable on the sphere in each normal space N, Z;. Let By , de-
note the ball of radius o in N, X;. We shall let z denote the rectangular
coordinate in these normal spaces, so that r = |z| and 6 = z/|z|.

Let us also fix a function p > 0 in C*°(Q\ £) with p equal to the polar
distance r in each 7?. Let w be a function in this tubular neighbour-
hood, and define

. .
w —_—
ollfs = sup ful + sup ot 7)hote) —wEl
zeTL) z,3€TE) I’I' - rla + |y yla (7' + r)a|6 - ela
Here z, 7 are any two points in 7 and (r,y,8), (7,4, 0) are their Fermi

coordinates.

Definition 1. The space Co*(€2\ &) is defined to be the set of all
w € CE*(Q\ T) for which the norm

()
Hwllk,eo = llwllken,,. + ZZ |1V wl|ge,
i=1 j=0
is finite. Here Q,/, = Q \ UK . Then, for any v € R,
ckx(\ ) = {w = p"w: W € C§(Q\ D)}

Thus functions in C5*(Q \ ) are allowed to blow up like p” near
the ;. This space is endowed with the natural norm ||lw||s e, =
[|p~"wl||k.a0- Note that when X; is positive dimensional, functions in
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C:'a may be differentiated in the ‘tangential’ direction only at the ex-
pense of giving up a power of p. Equivalently, their derivatives with
respect to up to k-fold products of the vector fields r9,, r8,, 0, blow up
no faster than p7.
We collect a few essentially trivial remarks about these spaces :
Lemma 1.

1. If y € (=N, 0) then Cb*(Q\ ) C L?(Q) for p € (1,—N/7).

k, k,
2. For w € Ch* and v € C;*, then wv € C;27, and also

[wollk,aysy < 4lwl]e,eq 101k, -
3. Given w € C5* withw > 0 and if p > k+1, then w® € C};* and

”wp”k,a,m < Cp”w“z,a,—y,

for some constant c, > 0 only depending on p.
4. Ifwe C,’;“‘O and |Vw| € C:fl, then for any a € (0,1), w € Cf"".
We shall also need a slightly better estimate for the norm of w?.
Lemma 2. Foranyn >0, v > _(73—1)’ there ezists some 6 > 0,
depending only on <y and n, such that if ||w||o,a,y < 0 then

[w?llo,a,7—2 < nllwllo,oy-

Proof. The proof relies on the simple fact that

Hw?[o,0py < C77P_1“w||0,a‘7‘

Since v > —-%;, we see that py > v — 2, and the result follows immedi-
ately.
Definition 2.

CrE(Q\Z) = {weCt*(Q\Z):w=0o0n 0N}

Finally, we shall also need to use Holder spaces on RV \ {0}, re-
spectively R™ \ R¥, which have different decay properties at the origin,
respectively at RF, than at co. Now we simply use the global polar
coordinates (r,6) in RY \ {0}, and cylindrical coordinates (r,6,y) in
R \ RF = RN \ {0} x R*.

Definition 3. For any v,y € R, the space Cf,'i‘,‘, (RN \ {0}) consists
of all functions w for which the norm

||w”k,am‘y’ = sup “w”k,ary + sup ”wHk,a,'y'
B (0 RN\ B1(0

is finite. The definition of Csﬁ, (R™ \ R*) is similar; we need only replace
B;(0) by the tube of radius j around R¥, j =1,2.
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Although these Holder spaces are our primary tools, we shall also
need to refer on occasion to a family of weighted L? spaces and their
associated Sobolev spaces. These will be needed only for nonisolated
singularities, so we restrict ourselves to that case.

Definition 4. The weighted space 7°L? on R" \ R* is defined by

rPL2(R™ \ R*; vVl dr df dy) ={w € L2 (R* \ R*) :

loc

/|w|2 V1720 dr df dy < oo0}.

The space p’ L2(Q2\ ) (relative to standard Euclidean volume measure)
is defined similarly, using the function p above.

There are associated weighted Sobolev spaces r® H#(R* \ R*) when
s is a positive integer, where the subscript e signifies that these spaces
are defined with respect to differentiations by the vector fields rd,, r9,
and 5. (When s is an arbitrary real number, they may be defined by
duality and interpolation.) Note that

Cha(R* \RF) C PL2(R* \R*) provided
o+ (N—2)/2<8<~y+(N—-2)/2

(11)
Che(Q\X) C P’L*(Q\Z) provided &<+ (N —2)/2.

4, Construction of approximate solutions

Now that the family of radial solutions u.(z) to (4) on RY \ {0} has
been introduced, we can construct the approximate solutions for these
problems. We also derive estimates of how far these solutions differ
from exact solutions in terms of the weighted Holder norms of the last
section.

4.1. Approximate solutions with isolated singularities

Approximate solutions for (1) which are singular precisely at the
points of ¥ = {zi,...,Zx} are constructed by superimposing appro-
priately translated and dilated copies of the singular radial solutions.
The K free parameters in the exact solution correspond to the K differ-
ent dilation parameters we can prescribe independently at each of the
singular points. First, choose x(z) € CP(RY) with x =1 when |z| <1
and x = 0 when |z| > 2, set xr(z) = x(z/R). Also choose R > 0 with
R < Ry = inf4;(dist(z;,z;))/2). Let € = (&1, ,€éx} be a K-tuple of
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dilation parameters. Now define

Te()

Z xr(Z — z;)u, (z — z;)

i=1
- S5 (53
i=1X R 1 1 ez N

Set fe = Atz + uf. After some computation, we get

(12)

Zue z;)Axr(z — z;) + 2Vu (z — z;)Vxr(z — z;)

+Z — xr)(x — z;)ul (z — ;).

Lemma 3. For any -y € R, there exists a constant ¢, depending on
R and vy, such that

N-22 ,
|| fello,aqr—2 < ceg ™%, provided each €; <€ <1.

Proof. For |z — z;| € (R,2R), we get

N-Z22
lue(z)| < ce ™

and
N2
|Vie(z)| <ceg 77,
for some constant ¢ > 0 depending on N and R. The result follows at
once.
4.2. Approximate solutions in the general case
Now suppose ¥ = UX | 3; where each ¥; is a smooth submanifold in
2 of dimension k;. To simplify the notation here, we assume that all
k; > 0.
In terms of the Fermi coordinates introduced in §3, the Euclidean

Laplacian on 7% can be written locally in terms of the Laplacians for
E,‘ and NyE.,-:

(13) A=An+As. +e -V +e-V,
where e, and e, satisfy
lleillo,an + lle2lloa0 < 6,

for some constant ¢ > 0 which does not depend on «, nor on z,y. This
is discussed in [8] and [3].
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Now choose a smooth cut-off function x on RY as before, which only
depends on |z|, and such that x(z) = 0 for |z] > 2 and x(z) = 1 for
lz| < 1. Also, set xr(z) = x(z/R). If 0 < ¢; <1 and R < /2, then
define, in some neighborhood of y, € I;, the function

—-—2_
p—1

Ue, (z,9) = €¢; P ui(z/€)xr(T) = ue, () XR(Z).

Since this function only depends on the variable in the normal space,
and is independent of the angular variable 8, it is clear that it may be
defined globally on all of 7). Now let @ = i, -

As before, let

fe = At + 2.
Using (13), we compute that
fe = ei(z,y) - V2 +ex(z,y) - Vile + G Anxr + 2VXRVE: + (Xk — XR) T2

Lemma 4. There exists some ¢ > 0 depending on v but independent
of €g < 1 such that if each ¢; < ¢y, then

|| fel |0,a.7—2 < ceg,

where g = E - .

Proof. The estimate follows at once from similar estimates already
used in Lemma 3 and also from the estimates given in (13).

This exponent g is strictly positive by our assumptions on p, provided

-2
v > o1

5. Outline of the proof

In both the cases of solutions with isolated or more general singular-
ities, we wish to solve the equation (1) by perturbing the approximate
solutions %; to this problem we obtained in the preceding section. That
is, we wish to represent the exact solution u as a sum u = @ +v, where
v is small compared to #;. Thus we wish to solve

A(Te +v) + (G +v)? =0,
or, what is the same thing,
(14) Lo+ fe+Q(v) =0.
Here

(15) Q(v) = (fie + v)? — @2 — pal~'v
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is the remainder term, which is quadratically small if v is smaller than
Iz in an appropriate Holder norm, and

(16) L= A +pu?!

is the linearization about this approximate solution.

We shall show that there is some ¢; > 0 and some constant 0 < ¢ < 1
such that for any € < ¢, if ce < ¢; < € for all 4, there is an exact solution
of (1) which is a small perturbation of @.. Writing u = @ +w as before,
where w € C2*(Q\ ¥), we can ensure that u is singular at ¥ provided
v > —2/(p—1). In addition, we shall be able to prove that the solution
space is a K-dimensional manifold.

When any of the k; > 0, then we shall show later that the solution
space is infinite dimensional.

The analysis of this linearization is the fundamental issue of this
paper. It is easy to see that

(17) Le: Cp*(Q\ E) — C5%(Q\ T)

is bounded for any v € R and €. We must show that (17) is surjective
for some v > —2/(p — 1), provided that each ¢; is sufficiently small.
Once this is shown, then it follows that L. has a bounded right inverse

(18) Ge: C)5(Q\ B) — C2(Q\ D).

We must also show that the norm of this map is bounded independently
of the ¢; for €; < €;. However, for the range of values of v for which (17)
is surjective, the operator L, is not injective on C#*(Q2\ %), so that G
is not uniquely defined. As usual, a good choice for a right inverse is
the one which maps into a fixed complement of the nullspace of L, for
example, the orthogonal complement with respect to some weighted L?
structure.

To prove surjectivity of (17) we prove both that its range is closed and
that the cokernel is trivial. When X is a discrete set, the closedness of the
range is rather elementary, but when some component of £ has positive
dimension this fact is somewhat deeper. Fortunately, the construction
of pseudodifferential right parametrices for the general class of elliptic
‘’edge operators,” of which L; is a particular example, falls within the
scope of the theory developed by the first author in [6]. Existence of such
a right parametrix with compact remainder implies that the range of L,
is closed in all cases, and that its cokernel is at most finite dimensional
for a certain range of values of v. To show that this cokernel is trivial,
and that the norm of G; is uniformly bounded for sufficiently small ¢;, we
employ scaling arguments. These arguments proceed by contradiction,
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showing that if first surjectivity, and secondly uniform surjectivity were
to fail, then counterexamples for increasingly small ¢; could be rescaled
to obtain some element of the nullspace of the global operator L, on
RN \ {0}, or I on R* \ R* which we show cannot exist. Once these
results are established, the rest of the proof of the existence of solutions
follows from a standard fixed point argument.

We remark here that we have proved these results concerning the
uniform surjectivity of L. in slightly greater generality than is used
in the nonlinear analysis. In particular, we are able to show that L.
is uniformly surjective provided all ¢; < ¢ for ¢ sufficiently small.
However, we are only able to prove the fixed point theorem if ae < ¢; < €
for some € < €, and for some a € (0,1), i.e., when all the ¢; are mutually
relatively bounded.

6. The globalized linearization

In this section we analyze the behaviour of the operator
Ly =A+puf™!

on RV \ {0}, and later the corresponding induced operator on R” \ R¥.
In polar coordinates, L; takes the form

2 —
¢ N-10 1, V)

(19) Ll:éﬁ—i_ r Or 712

where V,(r) = r? - pu, (r)?~!. From Proposition 1 above we have

(20) lim, o V,(r) = pv2t = 172}1 (N - 172}1) = A,
(21) Vy(r) ~ cr@=ME-D+2 35 7 o0,

Notice that the exponent (2 — N)(p — 1) + 2 is negative precisely when
p> N/(N —2).

6.1. Indicial roots

L, has a regular singularity at » = 0 and, because V,(r) tends to 0
as 7 tends to infinity, it also has one at r = co. Hence the asymptotic
behaviour of solutions to Lyw = 0 are determined by the indicial roots
of this operator at these points. At » = 0, the indicial roots for L, are

2-N N —2\°
(22) i = —-——i\/(——-> + ) = A,

2 2
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Here the ); are the eigenvalues of the Laplacian on S¥~!, counted with
their multiplicity. More precisely

)\0=0, )\JZN—1,3=1,N, etc.

The indicial roots for L; at r = oo are the same as for the Laplacian
itself, since V' tends to 0 at oo; these values are

__ _ 2
(23) a#:ui\/(u) oa, =012,

7 2 2

Notice that these numbers are integral and assume all integer values
except —1, — ,3—N.

Beca,use L1 has a regular singularity at 0 and oo, its mapping prop-
erties are well-known, cf. [1], [6].

Proposition 2. The bounded linear map

L C2% (RN \ {0}) — €%, (RV \ {0})
is Fredholm provided v & {7} and v' € {7} }.
We will let 7' = —1 or 0 since we are only interested in solutions

which decay at oo, or at least are bounded. We could replace this —1
by any value of 4 in (2 — N,0). However, when N = 3, we need to
choose v’ € (—1,0). We shall not comment on this further, and persist
in letting v’ = —1, with this understanding.

6.2. Numerology

We record some facts about these indicial roots and some of the other
constants that arise frequently for later reference.

Lemma 5. Let p be any number in the range N/(N —2) < p <
(N +2)/(N —2).

1. The functions —2/(p — 1) and A, are monotone in p and

-2 2—N
2— — d
N> P > 5 an
_2p 2p ) N2 -4
0<A,,=p_1(N P <
2. There is a number p* in (25, N2) such that for
N/(N —2) < p < p*, the indicial roots vF are real, with

—2/(p—-1)<v <(2-N)/2<7,

while if p* < p < (N +2)/(N —2), then v5 are both complex
with real part (2 — N)/2.
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3.9 < — 1, in fact vy = —p—i—l — 1. Hence in particular, v are
always real.
6.3. Injectivity of L, on C§ (RN \ {0})
Fix two weights v and u w1th
2—N

(24) < <80 < 258 < R0 <

and p+v =2 — N. These weights are ‘dual’ in a sense to be explained
later. The interval in which u lies is chosen to guarantee injectivity of
L, on C” o; V is determined by this duality, but also chosen not to be
too negative in accordance with the nonlinear problem.

Proposition 3. The only solution w € Crg(RY \ {0}) of the
equation Lyw = 0 is the trivial solution w = 0.

Proof.  Let {¢;(6),);} be the eigenfunctions and eigenvalues for
Ay, the Laplacian on S¥~!, Then if w is any solution of L w = 0, it
decomposes into the infinite sum

Zw] 7)8;(6),

where the w; solve

0? N-10 1
Llijj = —a—ﬁw_,- + —T_E‘-wj + T—z(Vp(’l") - Aj)wj =0.

The value 7 = 0 is omitted in the sum above since every solution of
L; owo = 0 blows up faster than r* near r = 0.

Now, by the growth restrictions on w near 0 and infinity, each w;
must be bounded by er"f as 7 — 0, and must decay like r>~V—7 as
7 — 00. We shall show that this forces w; to vanish.

First of all, notice that if A; > supV, then solutions of L, ;w; = 0
satisfy the maximum principle. For these values of 7 it is also true that
7;f > 0, and so w; tends to 0 both at 0 and infinity, hence must vanish
identically. Thus there are only finitely many values of j for which w,
may possibly not vanish. To deal with most of these, we use an integral
estimate which will show that w; = 0 for A\; > N — 1. Multiply the
equation L; jw; = 0 by r"~'w and integrate from « to R. Integrate by
parts and use that u > (2 — N)/2 and that w; decays at least as fast
as 77" as r — 0o to see that the boundary terms converge to zero as
£ — 0 and R — oo, and that the integral converges. The result is that

| =@t () = A2 ar =0,
0
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Now rearrange terms and estimate V by its supremum:
[, [,
/ N How; | dr = / (Vo(r) = 2)rN 3 |w;)? dr
0 0 -~
< (supV, — /\j)/ rN=3w? dr.
0

To proceed further, we note that there is a general inequality for any
function which decays like 7* at 0 and like 71~V at infinity:

oo 4 o
rN_3w2dr<-————/ N 8,w|? dr.
el dr < g [ e o)

To prove this, observe that

/ rN32dr———-/ w28, rN 2 dr
0

= rN 2w, w dr,

N—-2 0

where again the boundary terms vanish in the integration by parts be-
cause of the assumed rates of decay. Now use the Cauchy Schwarz
inequality to prove the claim.

Use this inequality in the estimate for w; above to get

(v —-2)
4
If supV, — \; < (N —2)?/4, then this inequality shows that w; must
vanish identically. By Proposition 1) and Lemma 5
ptl ( N- _2_13_) _
2 p-—1 p—-1

The function of p on the right is dominated by its value at p =
(N +2)/(N —2), so that

o0
/ r¥ 3w dr < (supV, — ) )/ TN_3w;‘-)dr.
0 0

supV, <

oy < N NP—4 _ N(N+2)
PYo<N—2 "2 T a1

But now
N(N +2) (N —2)?
4 4
and this occurs for all j except 7 =0,1,... ,N.
Thus we have shown that w; = 0 for j > N, and because of the

restrictions on the growth at r = 0, we also know that wy = 0. It
remains to show that w; = 0, j = 1,...N. It turns out that we can

'—A]‘< =>Aj>%N—1,
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write down an explicit solution of L; jw = 0 for this range of j. In fact,
differentiate the equation Au; + uf = 0 with respect to 8/0z; to get
L1% = O
axj

Since u;, depends only on r, du,/0z; = (Ou,/0r)8;, where 6; = z;/|z|.
Since —Ag0; = A;0;, j = 1,...N, ui(r) solves L; jw = 0. But u{(r)
decays like 7'~V as r — 0o and blows up like 7=2/(P=1-1 a5 » — 0. If w;
solves L; ;w; = 0 and decays like 7~ at infinity and like 7" at 0, then
some nontrivial linear combination of «] and w; must decay faster than
r1=N at infinity; since the singularities of these functions at 0 cannot
cancel, this linear combination is nonvanishing. This is a contradiction,
since no solution of £; ; can decay faster than r1=N at infinity. Hence
w; = 0, and the proof is complete.

6.4. Injectivity of L, on C2§(R" \ R*)

The argument that the induced operator L, = L; + A, on R* \ RF
is injective on functions which blow up no faster than r# and decay like
r~1 as r — oo is somewhat more complicated, but rests on the results
of the last section.

Proposition 4. The only solution w € 2§ (R™ \R*) which satisfies
Liw=0isw=0.

Proof. As in the previous subsection, we analyze this equation by
reducing it to a family of ODE’s and studying these separately. This is
done by first taking the eigenfunction decomposition in 8, as before, but
then also taking the Fourier transform in y. Letting n be the variable
dual to ¥ in the Fourier transform, we obtain the family of operators

& N-18 V(r)-2x
Limp = g5+ — g2+ — 2 —l*

FflLiw=0and we cf,;g, then

w(r,6,y) =) / eV (r,n) dy,
j=0

where L; ,2%; = 0 and ; € C25(R*) and depends distributionally on
n. Clearly, if L jp2w; = 0 with &; € cﬁ;g(Rﬂ implies w; = 0 for every
j, then Lyw = 0 with w € C2'5 (R* \ R*) implies w = 0 as well.

First observe that the integration by parts argument of the last sub-
section may be repeated essentially verbatim to show that all solutions
of this equation are trivial unless 7 = 0,1,..., N. Furthermore, since
g > R(v&), there are no solutions in CZ’,S (R*) for j = 0, either. Thus
we are left to consider only the case j = 1,... N, where A; = N — 1.
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For simplicity, in this argument, let us drop the index j in our notation
and replace |n|*> by a parameter E. Then L;,2 becomes Lg, and so
forth. Now let us recall that any solution of Lgw = 0 has a Frobenius
series expansion (convergent in some interval, since V, is real analytic)
of the form

) )
(25) w ~ Z ajr"_"'j + ijT7++j.
=0 =0

There are additional terms, with logarithmic factors, in the second series
in the case when the two indicial roots differ by an integer. Since the
argument is quite analogous in that case, we only consider the case when
these extra terms do not appear. The two leading coefficients, a, and
by are free, and may be specified arbitrarily; all the a; for j > 0 are
determined in terms of ay by a recursion formula, and similarly for the
b;. In particular, if ap = 0, then all a; = 0. Hence, since p > v~, we
have that w € C2* near r = 0 if and only if g = 0.

We shall show by a sort of continuity argument, treating both p and
E as parameters, that if w is a nontrivial solution on R* growing at
most polynomially as r — oo then @y never vanishes.

For any two numbers 0 < ry < r; < oo there is a map C,, ,, which
sends the Cauchy data (w(ro),w’(ro)) of a solution w at ry to its Cauchy
data (w(r;),w'(r;)) at ;. When ry = 0, this Cauchy data is replaced by
the pair of leading coefficients (ag,b0) in (23). If 0 < 7o then it is well-
known that C., ., is invertible and depends smoothly on the parameters
(p, E). It is also true that if r; is in the interval of convergence of the
series (23) then Cj ., is invertible and still depends smoothly on (p, E).

Amongst the two dimensional family of solutions of Lgw = 0, there
is one solution, unique up to multiplication, which decays at infinity.
Actually, if Lew = 0 and if w is of polynomial growth as r — oo, then
w decays like r1e="VE for g determined by the coefficients of Lg. We
fix the solution uniquely by requiring that w(1) = 1. This makes sense
because, by the normalization in §2, the function V,(r) is less than some
fixed constant, in particular less than N —1, for » > 1. Thus solutions of
Lgw = 0 satisfy the maximum principle on [1,00). Hence any solution
which vanishes at r = 1 cannot decay as r — oo.

For this decaying solution w look at the leading asymptotic coeffi-
cient ap = ao(p, F) in its series expansion at r = 0. We write out this
dependence on the two parameters p and F explicitly since we need to
show that ao(p, E) # 0 for (p, E) in the strip

(N/(N —2),(N +2)/(N —2)) x [0,00).
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For if this holds, then w ¢ C§(R*) and our result will follow.

We first show that a, is smooth in (p, F). We do this by using the
maps C,, ., discussed above. First consider the Cauchy data (1,w’(1))
of the decaying solution w. Since the coefficient of order zero of Lg
is negative on [1,00), w may be constructed by the ‘shooting method’
there, i.e., by solving the boundary problem Lrwg = 0 on [1, R], with
wgr(l) = 1 and wr(R) = 0, and letting R — oco. By the maximum
principle, the limit must exist, and since it is bounded it agrees with
w. Since the Cauchy data (1,w%(1)) depends smoothly on (p, E) for
each R, it is not difficult to see that the limiting values (1,w’(1)) do as
well. Now use the composition of the (invertible) maps Cy ., for rq very
small, and C,, ; to conclude that (ag,b,) depends smoothly on (p, E).

Now we proceed with the rest of the argument. First observe that
ao(p,0) # 0 for any p by the result of the previous subsection. In
fact, writing out the explicit solution du;/0r more explicitly, we can
check that a¢(p,0) > 0. Next, note that for p sufficiently close to its
lower limit N/(N — 2), the function V stays uniformly small, and in
particular less than N — 1 for all ». Hence we can again apply the
integration by parts argument of the previous subsection, but now using
that sup(V, — N + 1) < 0, which immediately shows that ao # 0 for all
p < N/(N —2) + & for every FE and for some x > 0. By continuity from
E =0, ay > 0 for (p, E) in this smaller strip. Finally, we can apply a
similar argument when E is sufficiently large, regardless of the value of
p. In fact, all we need is that the supremum of V,(r) — N +1 - r?E
is less than (N — 2)2/4, and this is clearly true for any p, for E large
enough. Thus, ay > 0 also for (p, E) in this range of values.

Finally, suppose that there is some value of (p,E), with
p € (N/(N —2),(N + 2)/(N - 2)), for which ap = 0. Using the
regularity of ao in these parameters, there is some (py, Ey) for which
ao(po, Eo) = 0 and (ao)e(po, Eo) = 0 (i.e., both ao and its derivative
with respect to E vanish there). Differentiate the equation Lgw = 0
and set (p, E) = (po, Ey). If w = Ow/OF then

L = 2w.

Since a¢ = 0, the right side of this equation blows up only like r* as
r — 0. Thus w is the sum of two terms; the first blows up no faster
than 77" 2, while the second is a solution of the homogeneous equation
and might blow up like »” . However, since the leading coefficient of @
is the derivative of the leading coefficient of w, i.e., it is (ao)g, which
vanishes, we see that this solution of the homogeneous equation is absent
and @ blows up no faster than " +2. Now multiply the equation by
w - r¥~! and integrate from 0 to infinity. Using the exponential decay
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as r tends to infinity, and that w ~ 77", @ ~ 7772 as r tends to 0, we
see that this integral is well-defined, since 2y* > 2 — N. Furthermore,
it is permissible to integrate by parts to get

0= / (LEw)tT)TN_l dr = / w(LEﬁ))TN"I dr = 2/ |w|2,rN—1 dr.
0 0 0

Hence w = 0 for this value of (p, E), which is a contradiction.
6.5. Surjectivity of L, and I, on C?,:fl
From the results of the last subsection we may deduce the following:
Proposition 5. Let —-% <v =2-N—p < R(y5) as before.
Then the maps

Ly : C2% (RN \ {0}) — €% _5(RN \ {0})

and

L : Ci,’fl(R" \R*) — C2f2,_3(]R" \ R*)
are surjective. Furthermore, the first map is Fredholm and its nullspace
is one dimensional, while the second map has an infinite dimensional
nullspace.

Proof.  We shall only sketch the proof of this result and provide
references to papers where analogous facts are proved thoroughly. As
discussed already in §5, the proof of this result is much simpler for
the former of the two maps. In fact it is not difficult to write down a
right inverse for L, directly in terms of solutions of the homogeneous
problem L;w = 0. In order to do this, it is crucial to use the fact that
any solution which is bounded by a multiple of 7# near r = 0 does not
decay as r tends to infinity, and any solution which decays at infinity
must decay at least as fast as 7>~". Note that this is equivalent to
the injectivity of L; on Cﬁ:‘il. The right inverse for L; may be written
as a sum of the right inverses for L, ; on each eigencomponent; each
of these right inverses may be constructed explicitly from the solution
which blows up like % as r — 0 which is unbounded as r — oo and
the solution blowing up like 7% as r — 0 and decaying as r — 0.
It is then not difficult to show that this sum of right inverses for each
eigencomponent is bounded on the weighted Hoélder spaces, cf. [1] for
this procedure for a closely related operator. This proves that L, on
C>*, is not only Fredholm but surjective.

Any solution of Lyw = 0 in C?,ﬁl must be radial, by considering its
growth as r — 0. There is a two dimensional space of solutions of
L, owo = 0. By considering a suitable nontrivial linear combination of
any two basis elements of this space we obtain a solution which decays
like 72~ as r — oo; there cannot be two independent solutions with
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this decay rate for the same reasons as in the previous subsection. This
solution grows like some combination of re as T — 0, but in either case
is in Cﬁ,’fl. Hence the nullspace is one dimensional.

To establish the corresponding facts for I, we use Hilbert space tech-
niques and the construction of a pseudodifferential right parametrix for
L; from [6]. L, is surjective on Cﬁ;fl provided its range is both closed
and dense. The existence and boundedness of this right parametrix
gives the closedness of the range. Then duality, coupled with Proposi-
tion 4, yields that the cokernel of this map is trivial, so that the right
parametrix may be replaced by a right inverse.

It is most natural to construct the pseudodifferential right parametrix
for I, relative to the spaces r®L? because of the central role of the
Fourier transform in this construction. Once the parametrix is obtained,
it is then necessary to show its boundedness on the weighted Hdlder
spaces. These steps are carried out in detail in [6], to which we refer the
reader, cf. also [8]. Here we simply show that L, satisfies the hypotheses
necessary for that machinery to apply.

The main result of [6] implies that I; has closed range on r°L?
provided § ¢ {6}, where 67 = v + (N — 2)/2. Choose a number
—6, just slightly smaller than v + (N — 2)/2, in particular so that
—2/p—-1)+(N—-2)/2< -6, <v+(N—-2)/2<0. Then -4, ¢ {5;':}
and C2%(Q\ X) C p~% L2(Q\X). It is also proved in [6] that L; is essen-
tially surjective on r—% L2, i.e., it has closed range and at most a finite
dimensional cokernel, and that it is essentially injective, i.e., has closed
range and at most a finite dimensional kernel, on r*% L2. These two
facts are consequences of one another by duality since r®L? is the dual
space of r~9L? and L, is self-adjoint on r°L?. The crucial hypothesis
that must be satisfied in order for these last two conclusions to be true
involves the ‘model Bessel operator’ fll for ;. This operator is obtained
by freezing coefficients of I; at r = 0 in an appropriate sense, taking
the Fourier transform in y, and finally rescaling by setting s = r|n|. The
operator obtained in this way is

8_2 N—12+AP+A0_
Os? s Os 52

This crucial hypothesis is that L, is injective as a map on
s L2(RY x SN-1;5sN-1dsdh), or equivalently, surjective as a map on
s L2(Rt x SN-1;sN-1dsdh).

L, may be analyzed directly to show that this hypothesis is satisfied.
In fact, introducing the eigenfunction expansion with respect to Ay, as
usual, we obtain a family of ordinary differential operators, the solutions
of which may be determined explicitly in terms of Bessel functions.

le = 1.
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Analogously to the situation for L; we find that any solution which
blows up no faster than ¥ as r — 0 grows exponentially as r — oo.
Using these solutions we can construct a right inverse for L, explicitly.

Since L, satisfies the hypothesis, we conclude that I; itself has closed
range, with at most a finite dimensional cokernel, as a map on Cﬁ,’fl.
The cokernel of this map may be identified with the kernel of L; as a
map on 7% L? or Cﬁ:‘il. But from the previous subsection, we know that
this cokernel is trivial; hence L, is surjective, as desired.

Finally, we may explicitly exhibit an infinite dimensional nullspace of
L; in Cf:fl. For, if Lyw = 0 and w is bounded by r* as r — 0, then
only the eigencomponent w, may be nonvanishing, just as for L;. Now,
taking the Fourier transform in y, we see that Lo 2w = 0. Hence
o(r,n) = A(n)Wo(r,n), where Wy, is the unique solution of this equa-
tion which decays (exponentially if  # 0) as 7 — 0, normalized so that
Wo(1,7) = 1. The coefficient A(n) is allowed to be arbitrary, so long
as the corresponding wy is bounded uniformly, for each r, as |y| — oo.
Clearly there is an infinite dimensional freedom in choosing such coef-
ficients; for example, we could let A(n) be an arbitrary element of the
Schwartz space. This completes the proof.

7. Injectivity of L; on Cﬁ:%(Q \ 2)

We are now able to turn to the first of our main tasks, to show that
L; is surjective on Cﬁ:%(Q \ ) when all the ¢; are sufficiently small. By
an argument identical to the one indicated in the proof of Proposition 5,
this surjectivity is equivalent to the injectivity of this operator acting
on functions growing like 7# at the singular points, where

2-N)/2<pu=2-N-v<nf <0,

as in the previous section. This injectivity is what we shall prove.

7.1. Preparatory lemmas

There are three lemmas which are used in the rescaling proofs, both
in the case when the singular set is discrete and when it is positive
dimensional. We shall adopt the notation

Q: = Q\ UL, B, ().

Here, using slightly different notation than in previous sections, B, (Z;)
is the tubular neighbourhood around I; of radius ¢;, and, in case ¥ is
discrete, £; simply equals the point z;.

The first Lemma states that L. satisfies the maximum principle on
Q..
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Lemma 6. There exists some g > 0 such that if all €; < €, then
after a normalization of the initial radial solution u,, the operator L.
satisfies the mazimum principle on Q.. That is, if w < 0 on 9Q; and
L.w >0, then w <0 on Q..

Proof. We give the proof of this result in the case where ¥ is
discrete. The general case, where ¥ has positive dimension can be
treated similarly. Set w* = max{w,0} on Q; and w* = 0 on each
B,.(%;), so that w* € H}(Q). Multiply the inequality L:w > 0 by w*
and integrate by parts to get

K
[1vwrp < [ ppm <par [ (3o le - aif )P
Q Q 2 =1

Here « is the supremum of v; = r53_1u1 for » > 1, which by Remark 2
can be taken as small as desired. Now, using the identity

(N —2)|e|™ = div (I—j,—z),

and integrating by parts, we obtain the inequality

-2, + |2 4 +12
[l =l et < g [ 19w
If « is taken sufficiently small so that the inequality 4pa?~* K < (N —2)2
holds, we see that w* = 0, and hence w < 0, as desired.

The second Lemma uses this maximum principle to deduce estimates
in the weighted Holder spaces for solutions of L;w: = f; in terms of
their boundary values on 99);.

Lemma 7. There exists ¢ > 0 such that, if all €, < € then the
following estimate holds. Let f: € C3%(Qk), where v € (2 — N,0) is
fized, and suppose that we is any solution to L.w:; = f with w; = 0
on the ‘outer boundary’ of Q¢, i.e., on Q0 N IN. Then there exists a
constant ¢ > 0 independent of € such that

K
Hwell2,on < € <||f€l|0,a,~r—2 + 3 & Nlwelloo,os., (z;)) ,

i=]

where the first two norms are taken over )e.

Proof.  Define ¢ € C*(Q \ ¥) to be a positive smooth function
for which, in some fixed neighbourhood B,(%;) for each i, ¢(z) =
dist (z, ¥;)"; here o should also be chosen so that the approximate so-
lution 1, is supported in UB,(X;). For example, we can take ¢ = p”,
where p was the function introduced in §3. If some ¥; is a point, X; = z;,
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then ¢ = |z — z;]” in B,(z;). Then a simple computation shows that in
B, (z;) \ B, (z;) we have

L |z — z]" = {y(N = 2+ )|z — z;|"* + pii2 M|z — 2"}
< —clz — 2|72,

where the constant ¢ > 0 can be chosen independent of €, since 2— N <
v < 0 implies that y(N — 2 + ) < 0 and since pa?~! can be chosen as
small as desired. If ¥; is positive dimensional, then a similar estimate
holds. For this we simply need to use the expression (13) and the
estimates for e; and e, there.

Let A > 0 denote the supremum of w; on UX 8B, (z;). Hence ¢,
multiplied by a suitable constant times

K
(A + I fello.ary—2 + ) 6;'_7”"”€H0,0,8B¢,-(E;)>
i=1
is a supersolution for the problem in B,(z;) \ B, (z;). Likewise, —¢

multiplied by a similar constant is a subsolution.
We claim that, if ¢, > 0 is small enough, then A is bounded by a
constant times

K
(Illelo,cm—z + & llwelloo,os., (2.-)) :

i=1
In order to prove this claim we will argue by contradiction and assume
that we have a sequence of counterexamples to this assertion. Thus

suppose that there is some sequence of K-tuples e© = (e{9,...,€\?)
such that for some subset of the indices 1,. .., K, the corresponding eg-t)
tend to zero. For convenience, we take this subset to be {1,...,J}, so

that egt) — 0 for j < J and ege) > ¢ > 0 for j > J. In addition, up
to a subsequence we may assume that eg_e) converges to some ¢; > ¢
for all 7 > J. Suppose also that for each such €9 there is a function
Wee € C,zr’o‘(Qg(z)) with L:wzs = fzo and such that wye = 0 on the
‘outer boundary’ of Q; and faxs € C:%(Q%) bounded independently of
£. First multiply the wxs by a suitable constant so that

(26) sup |wzn| = 1.

UK | Bo(x:)
Using the super-solution constructed above, it is easy to see that wzo
converges to a solution w of Aw = 0 in @\ UL, 5, UK ;.| B (%;). In
addition, w also vanishes on 8Q UK, 8B.,(Z;), and finally w € C2*.
Since v > 2 — N it is well known that the singularities of w at U/, %,
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are removable. Therefore w solves Aw = 0in Q\ UL, B, (Z;) with 0
boundary data, so w = 0 which contradicts (24). The claim follows.

We conclude that there is a constant § > 0 independent of € such
that L.(w: + §¢) < fr —cd¢p < 0 and L. (w, — d¢) > f: + cép > 0. By
increasing § to make w; — d¢ < 0 and w; + d¢ > 0 on 99, we deduce
that |we| < d¢ in all of Q, ie., w, € C1°(Qe), with norm independent
of €. Standard arguments using rescaled elliptic estimates show that
we € C2*(Q) with norm independent of .

The third Lemma shows that the weighted Holder norm with expo-
nent p for a solution of the fixed homogeneous equation Lyw = 0 on a
fixed tubular neighbourhood B, (Z;) is controlled by the norm of w on
dB,(X;). This is quite obvious when &, is a point, since the nullspace
of L, is finite dimensional then. When ¥; has positive dimension, this is
a more substantial result, and it follows directly from the results of [6].
Nonetheless, we give an elementary proof, which covers both cases. For
convenience here we drop the subscript i. As usual, (r,0,y) are Fermi
coordinates on this tubular neighbourhood.

Lemma 8. Suppose w, is a sequence of solutions of Liw, = 0 in
B, (3), with w, € C3*(B4(X)) and |we| < A on 0B, (X) uniformly in £.
Then ||we||2,q,, cannot diverge as £ — oo.

Proof. First of all, observe that by the rescaled Schauder estimates,
it suffices to show that the supremum of r~#|w,| over B, does not di-
verge. Suppose, to the contrary, that it does; furthermore, suppose
that this supremum takes the value C,, which tends to infinity, and
is attained at some point z, € B,. Let (ry,8,,y,) be the Fermi coor-
dinates of z,. Since w, can be bounded by some new constant A’ on
B, (%) \ B,/2(X), the r, must converge to zero. For if they did not, then
consider the rescaled function @, = C;'w,. This still solves L@, = 0.
Furthermore, the supremum of r~#w, on B,(X) is equal to one, and is
attained in some fixed annulus B,(X) \ Bs(X). Thus, the @, converge
to a nongero limit @, which is a solution of L,%., = 0 in B,(X). How-
ever, the supremum of @, on B, \ B,/; tends to zero, so that @, =0
on the annulus B, \ Bg/s, which is a contradiction.

Now, since we have established that r, — 0, we may again rescale.
If ¥ = x; is a point (which is the origin in these coordinates), consider
the function w,(r,0) = C;'rfw.(r/r,,0). If T is higher dimensional,
then some subsequence of the points y, converge to y,, € £ (since T
is compact). Choose Fermi coordinates centred around this point, so
that 7. = 0, and these coordinates are defined for |y| < 7. In this case
let @, = C;'rhwe(r/r,0,(y — ye)/re). In the former case, 1, satisfies
Ly, ¢ = 0 0n B,;,(0), and is bounded by r# there. The same is true in
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the latter case, except that the operator L,;,, must be replaced by one
for which the error terms e;, e, are replaced by very small translates, and
which are in any case still tending to zero when ¢ — co. This rescaling
has been chosen so that r~#|w,| attains its supremum on 9B;(X). As
before, pass to a limit, Ww.,. By the previous remark, @, # 0.

When ¥ = 0, then it is also true that W, € C2% RN \ {0}), and is a
solution of

1 .
(A + T—zpvggl) Woo = 0
there. But the solutions of this equation are of the form

o0

Z (a,-r"f + bjr"i ) ¢j (0)

7=0
It is clear that no function of this form can be bounded by r# both as
r — 0 and r — oco. Hence we arrive at a contradiction again, so the
assertion of the lemma must be true when ¥ is a point.

In case dim ¥ = k > 0, we may still take a limit, and get a function
0o, Which solves the same equation, but now on R* \ R*. It also satisfies
the estimate sup r~#|Wy| < co. However, introducing a decomposition
into eigenfunctions for the spherical Laplacian Ay yields the uncoupled
system of equations

2
(86;2 +L+AR’°+(PU” t= ) 7715)’““1 =0,
where we have renamed the eigencomponents simply w;. Each such
eigencomponent satisfies supr~#|w;| < co uniformly as |y| = co. Tak-
ing the Fourier transform of this equation in y reduces it to an equation
of Bessel type:
? N-10
(87'2 + r or
This equation may be solved explicitly, and as discussed earlier it is easy
to see that for n # 0 the only solution of this equation which grows no
faster than 7# as 7 — 0 must increase exponentially as r = oco. Thus
w;(r,n) = 0 for  # 0, and so it is polynomial, and hence constant in
y (since w; is bounded in y). Therefore, the previous argument applies
to show w; = 0 for all §. Hence @, = 0, which is again a contradiction.
This proves the Lemma in all cases.
7.2. Injectivity
Theorem 5. If ¢, is suﬁicz’ently small, and if each ¢; < €y, then

pp(Q\E) — C%(Q\ %)

1y .
+ (A, = X = *|nf?) 7'—2) w; = 0.
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1s injective.

Proof. As in the previous lemma, the proof uses rescaling to argue
by contradiction. The idea is quite simple. If the result of this theorem
were false, there would exist a sequence of counterexamples, correspond-
ing to some sequence of the €4, with at least some subset of the €§z)
decreasing to zero. By rescaling these functions and passing to a limit,
a counterexample to Propositions 3 and 4 would be obtained.

Thus suppose that there is some sequence of K-tuples &9 = (¢l?,.. .,
€'?) such that (possibly passing to a subsequence) for some fixed subset
of the indices 1,..., K, the corresponding €§z) tend to zero. For conve-
nience as before, we take this subset to be {1,...,J}, so that eg.l) -0
for j < J and eg-l) > ¢ >0 for 7 > J. Suppose also that for each such
€9 there is a function w, € Cﬁ:f,’;(ﬂ \ ¥) with Lyow, = 0. First multiply
the w, by a suitable constant so that

27 sup p(z) *|lw,| = 1.
e

From Lemma 7, we get that

sup p(z) #|w| < C  sup p7H|w| < C.
(0 UBB (¢) (5:)

For some subsequence (which we assume is the full sequence), the supre-
mum of p(z)#|w,| on UGB (»(X;) is attained on some fixed B, » (L;).

There are several possibilities, which we examine in turn. For sim-
plicity, we initially consider the case where ¥ is discrete. First suppose
that for the sphere where supremum above is attained, the index j sat-
isfies j < J. Fix this index j, and for convenience, translate €2 so that
z; = 0. Then ey) — 0. Now rescale, setting

@e(z) = (€)7* we(ePz).

This function is defined on B,/ (0) and solves (A + p@i} '), = 0
there. Here 4, is the radial solution u; (r) multiplied by a cutoff function
x(eg-l)x /R), which is equal to one on an increasingly large set as €§z) tends
to zero. By construction, the supremum of r~#|w,| is bounded by C on
Ba/eg‘) (0) \ B;(0).

We can apply Lemma 8 to conclude that the r~#|w,| are bounded
uniformly on B,(0). Now let £ — oo. Since their norms are bounded,
the @, tend to a limit @, € C2*(B1(0)), which is defined with 7~ ||
bounded on all of RY \ {0}. In addition, it is a solution of LW = 0
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there. But ., is not identically zero, since its supremum on 9B (0) is
one. This contradicts Proposition 3.

This last argument still leads to a contradiction if it is only true
that for some j < J (and some subsequence of the £), the supremum of
p~#|we| on OB » (z;) is bounded below by some positive number C' > 0,

independently of £.
Having excluded these cases, we can now assume that

sup p(z)7#|we| — 0
335(.:) (z5)

for every j < J.

The norms ||wel|2,q,, (over all of ) are bounded. This is clear in the
region Qs by (25), and by Lemma, 8 it is also true for the balls with
index j > J. For the balls with index j < J, note that the rescaled
functions w, = (eg.f))"‘wg(ey)x + z;) on B;(0) have the same weighted
norm there as the unrescaled functions do over Beg‘) (z;). Since the

supremum of @, over 8B,(0) is bounded by (ey))_", which tends to
zero as £ — oo (and in particular, is bounded), we can apply Lemma 8
again to conclude boundedness of the weighted norms of w, in these
balls too.

Now (pass to an appropriate subsequence and) let £ tend to infinity.
The w, converge to a nonzero limit w,,, since they have supremum equal
to one on 8B (v (z;) for some j > J, i.e., on a sphere which has radius

bounded away from zero. This limit is an element of C2'3(2\ £), and
solves Lgwy, = 0, where € has ¢; = 0 for j < J. Hence the potential
pa? ! in L is singular only at the points z; for j > J. Since wy, € C2*
locally near each z;, and since 4 > 2 — N, it easy to check that wy is
a weak solution of Lyw = 0 in a full neighbourhood of the points z;
with j§ < J. Since the operator is smooth at these points, a standard
removable singularities theorem shows that w., is smooth except at the
zj, j > J. This means that wy is a solution of this operator with
singularities at some discrete set ¥’ with strictly fewer elements than
¥.. Now we may proceed by induction, the case K = 1 already having
been treated by the proof above. This completes the proof when % is
discrete.

The modifications necessary to handle the general case are rather
minor. In fact, it is only necessary to modify the way in which the
rescaling is done and invoking Proposition 4 at the appropriate place.
Thus, starting the proof in the same way, if the functions »~#|w,| attain
their maximum at a point z; = (14,6, y,) in Fermi coordinates around
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some 3;, then we use the rescalings

’u_)g(’f‘, 07 y) = (Egl))“we(r/fy), 05 (y - yl)/egl))'

The rest of the proof is analogous to the previous case.

Remark 4. It is actually possible to prove that in the case of non-
isolated singularities, the rescaled limiting function Wy, is independent
of y. This may be done by using some regularity results from [6] to
show that the tangential oscillation of the initial sequence w, may be
bounded independently of .

8. Uniform surjectivity of L, on CJ5(2\ T)

The second main step in the linear analysis is to show that there is
some choice of right inverse Gz of Lz on C2:%(€ \ £) which has norm
bounded independently of € provided each ¢; < €;. As we have indicated
before, the subtlety here is that G is not unique, since L is not injective
on C2e,

The usual choice for G- is as the right inverse whose range equals the
orthogonal complement of the nullspace of L;. Of course, since we are
working in Holder spaces, this orthogonal complement is meaningless.
However, what amounts to the same thing is to require that the range
of G¢ lies in the range of a fixed adjoint L} of L.. Again, this adjoint
depends on some Hilbert space structure, but once we have chosen an
appropriate one with respect to which the adjoint is taken, we can forget
about it and simply use this adjoint.

By (11) and using the notation of §6.5, C2* is contained in
p~ % L*(pN~tdrdfdy). In the following, the space L? will always be
taken relative to the background Euclidean measure. We shall consider
the spaces p’ L? and p~%L? to be dual with respect to the natural pairing

PLP % pI 3 (8,9) — [ éu.

Relative to this pairing, the adjoint of L; : p~% L? — p~%~2L? is just
L;: p®*2L? — p® L?. We have proved that the former of these maps is
surjective and the latter one is injective. Using the fixed isomorphisms

p26 : p—6L2 — p¢51'127
we may identify this adjoint, L}, as
L; — p—26”L€p26u :p_6"+2L2 N p_6"L2.

It is not hard to see that Lemma 6 is valid for both L: and L}.
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Now form the fourth order operator
Lo=Leo Lt = Lyp~ " Lp® : p~®+2[2 — p=0-2[2,

This map is an isomorphism. Hence there exists a bounded two-sided
inverse

Ge: p~®—2L[? —s p~BF2L2,

In particular, £:G: = I, which means that G¢ = L}G; is a right inverse
to L. which maps into the range of L} as desired. Henceforth, G will
always denote this particular right inverse.

The main goal of the work in [6] is to study inverses and generalized
inverses for degenerate ‘edge operators,’ of which L. and L. are partic-
ular examples. The methods are quite geometric, albeit microlocal in
origin. One of the main results implies that G; and G; have Schwartz
kernels which are rather simple distributions on the space obtained by
blowing up the polar coordinate compactification of (2 \ X) x (22 \ X)
along a submanifold of the boundary. One advantage of having such a
concrete description of these operators is that various mapping prop-
erties can be read off quite easily. In particular, from [6] it follows
immediately that

Ge: C5(R\ B) — €y p(2\ 2)

and
Ge: Cp%(R\E) — C3(Q\ D)

are bounded. In the former of these the subscript 2 denotes a more
general set of elliptic boundary conditions for this fourth order operator,
i.e., the domain is restricted to functions v which vanish along with L}u
at 9.

We can now turn to the proof that the norm of G; does not blow
up as the components of € tend to zero. This uniform surjectivity is an
immediate consequence of the following two results.

Proposition 6. Let € be some K-tuple with all ¢; < €. Then
provided €, is sufficiently small, there is no solution of the system of
equations Leu = 0, u = Lv with u € Co5(Q\Z) and v € Cﬁfz'D(Q \Z).

Proof. This is really just a corollary of Theorem 5. In fact, suppose
that « and v satisfy this system. Then L;L;v = 0. Recalling that L}
is identified with p=2% L.p?® here, multiply this equation by p**v = w
and integrate with respect to standard Euclidean measure. Then the
integrations by parts in

/ w Lep™ Lew = / |Lew|*p™ =0
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are valid because dlw € c;‘;gg’; +2—; for j £ 4, and also because w
satisfies Dirichlet conditions on 9f2. (Here r is the Fermi polar distance
coordinate near each ¥;. Also note that we can choose p to be constant
near 9 so that p?®»v and L% (p?%v) still vanish at the boundary.) Hence
L:w = 0. But since w € Cz}a for some u' > R(75), we may conclude
from Theorem 5 that w = 0 provided ¢q is small enough.

Theorem 6. Let &9 be any sequence of K-tuples, with each egl) < €.
Let f«o be any sequence of functions in CO:%(Q\X) with norm uniformly
bounded as ¢ tends to infinity. Let uxe € Cf”%(ﬂ \ £) be the unique
solution of Lzuzey = feoy which also satisfies uzey € ran (L), i.e.,
Ugy = LIy vy for some veoy € C,‘ffzp. Then the norm of uge in C2*
18 bounded uniformly as £ — oo.

Proof. This argument is again by contradiction, and is very similar
to the ones in the last section. Clearly we only need to consider the case
where some subset of the ey) tend to zero. As before, we assume that
ey) — 0for j = 1,...,Ja.nde§-[) >c>0forj=J+1,...,K. To start,
by hypothesis

Sgpp_"+2|fa<t>| <C,

for all £. Applying Lemma 7, we get

sup  p Vuzo| K C+C  sup  pV|uqol.
Q\UBL(})(::,') UaB‘(.l) (z.-)

Now define

A; = sup p7"|uqo].
UBg(,t)

We resize the functions uze), veo, fw«o by setting
G0y = Uz [Az, Do = Ve [Az,  feo = fao /A,

so that Lg(l)’ag(l) = fe-(z) and L;(t)'ﬁg(z) = ’ZLE(:). If Ag stays bounded as ¢
tends to infinity, then we are finished. If not, as we now assume, then
|| fz© ||0,a.»—2 tends to zero.

We wish to take a limit of the equations L o tz» = fe-(z) and
L} Dy = . The main point is to show that 4. and ¥ tend to
limits. For each £, choose a point 2, where p~"#« attains its maximum.
By passing to a subsequence, we can assume that z, stays in some fixed
B, (Z;).

The simpler case is when ¢ > J, so that ¢€; does not tend to zero.
Since by the above and Lemma 8 the supremum of p~" iz | in By (3;)
cannot diverge and stays bounded away from zero. Then we can dfrectly
pass to a limit as £ tends to infinity and obtain a function u € Cz:%(Q\E)
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which is nonvanishing and satisfies Lyu = 0. Here & is the (K — J)-tuple
comprised of the limiting values of the ey) for j > J. Since u blows up
no faster than p” at the X; with j < J, and since the limiting term of
order zero in the operator is smooth at these submanifolds, the same
removable singularities theorem as we used before shows that u must
be smooth at those points. Next, since the norm of ¥ is uniformly
bounded, we can also pass to a (weak) limit and obtain some function
v € C2%, Vop(Q\ X) with Liv = u. Since u is nonvanishing, v must also
be. In addition, by elliptic regularity, v is smooth at the ¥;, 7 < J.
However, this is a contradiction to Proposition 6. Thus we may assume
that for the index ¢ for which the maximum of p™"|dze | is attained in
Bt (%), the radius el tends to zero.

Let us first treat the case where ¥; is a point. Translate the whole
problem so that ¥; = {0}. Next, rescale the two equations by the factor

(l) ; in particular, Gze is replaced by

o = (E) a0 (€ z),

and similarly for ¥y and fuo. For convenience, replace Egl) by €. Then
in the ball B,,.(0) we have fxs tending to zero in C,'%, and i« having
norm in C2* bounded uniformly by one. Replace the rescaling of the
function p now by the polar variable r in this expanding sequence of
balls. In the new rescaled coordinates, let the supremum of r~"|%z | be
attained at some point, which we still call z;. Then |z,| is bounded. By
the argument used in the previous section, we see that |z,| must also
stay bounded away from zero, otherwise we could rescale by the factor
|z¢|~! and arrive at a contradiction, as in that section. Thus, there is
some uniform lower bound 0 < C < |z,| < 1, and hence we can pass to
a limit of the @ in C>*. Let us call the limiting function @. Then

Lia=0 in RY\{0}.

We wish to show that .« also tends to a limit. To see this, first

note, that by the maximum principle again,
sup |v€(z)| <C+C sup |’U€(z)|
Ba/e(O)\Bx(O) 8B1(0)
Define
Al = sup r7"|T0].
B, (0)

If A, stays bounded as e — 0, we can take a limit of the ¥, to get a
function v € Cy:% (RN \ {0}) such that L}v = u there.

So, suppose not, i.e., suppose A, tends to infinity. We resize all
the functions once again, by letting ul., = 1. /A;, and so on. Then
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Liuy = fio and Livy, = ul,. By construction, the norm of fl,
tends to zero in CJ’% and the norm of ul,, tends to zero in C2%, but
the norm of vl,, in C, stays bounded. If the supremum of A [
occurs at some point z,, then exactly the same arguments as above show
that |z,| stays bounded away from 0 and co. Hence once again we could
pass to a limit to get a solution V € C;% (RN \ {0}) such that L*V = 0.
But we know that L} has no elements in its nullspace which decay at
infinity, which implies that V' = 0, a contradiction.

Finally, then, we have arrived at the situation above, that there exist
u € C2*(RN \ {0}) and v € ;% (RN \ {0}) such that Lyu = 0, L*v = u.
Combining these two equations, we get L; Ljv = 0. But since v decays at
infinity, we can multiply this equation by v and integrate. Integration
by parts now shows that Ljv = 0, which we have already observed
implies that v = 0, hence u = 0 as well. This is the final contradiction.
The only alternative is that the C2* norm of uxs can not blow up.

The case when some 3; are of positive dimension is treated very
similarly. In fact, only the rescaling needs to be done slightly differently,
but in the same manner as at the end of the proof of Theorem 5.

9. The fixed point argument

We are now in a position to complete most of the proofs of Theorem 1
and Theorem 2; what will remain after this section is the assertions
about the moduli of solutions. We need to find a solution w € Ci’% (Q\X)
to the equation

(28) Lo+Q)+ f:=0

where f; is the error term introduced in §4, either for the case when ¥ is
discrete, or in the more general case, and @ is the quadratic remainder
(15). We do this by the standard contraction mapping argument. We
will define a continuous operator X from the space C.'5(£2\ Z) into itself
and then prove that this map is a contraction on some small ball in this
space.
If v is a solution of (26), then @ + v is a weak solution of
(29) { —A(Ge+v) =[Ge+vP in Q
d:+v=0 on 9I90.

Assuming a solution exists, let us show that @ + » 1s positive in Q \ X.
On the one hand, for z near ¥;, there exists some R > 0 such that if
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p(z) < Re; then
(30) e1p(z) "7 < e(z) < cp(z) 7T

On the other hand, since v € C2*(Q2\ ), we have v(z) < cp(z)”. But
since v > —2/(p — 1), it follows that @; + v > 0 near each X;; by the
maximum principle we see that @, +v > 0 in all of 2\ X, and hence
i + w is a positive solution of (1) which is singular at all points of X.

It remains to prove the existence of a solution to (26). We shall
first treat the case where ¥ is finite. First observe that {|fe||o,ap—2 <

2
C’eév *~! by Lemma 3. Let A denote a common upper bound for the
norm of G; for ¢, sufficiently small. Then

N
(31) HG€f€H2,a,u < ACe ™.

In view of this estimate, we shall work in the ball

Bleo, B) = {v € C2*(Q\ 5) : [[olloes < Beg > 7).

We have already shown that G(f:) € B(eo, ), for B large enough. At
this point we shall fix § large enough so that G:f: € B(e,5/2). We
shall now make a further restriction on the €;, namely that, for some
fixed constant a € (0,1), we have

(32) aco < ¢€; <€

for i =1,..., K. This new restriction appears to be needed in the proof
of the following Lemma.

Lemma 9. There exists some constant ¢ > 0 independent of ¢ < 1
such that

1
”Q(Uz) - Q(Ul)”o,a,u—z < 24 ||Uz - vl“Z,a,w

for all vy,v; € B(ey,8). In particular, taking v, = 0 we see that
G:Q(v) € B(eo,3/2) and hence that the operator K defined by K(v) =
—G(Q(v) + fe) maps B(eo, B) to itself, and is a contraction on this ball
for eq sufficiently small.

Proof. We first establish that there exists some 7 > 0, independent
of €g < 1, such that for any v € B(eo, 3) we have

5 € UK B(a;, 1) = [u(z)] < iag(m).

Indeed, by Lemma 1, we know that there exist constants
¢1,¢y > 0 and a radius R > 0 such that

alz) 7 < u,,(z) < elz|7T if |z] < Re;,
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N-—22 —2p
cg 2PN <u(z) < cer TN if Re; < lz| < 7.

The claim follows at once from these estimates and the fact that v €
B(eg, 3), so that

2

N—% v N-3H
[v(z)] < Beo "7 p"(x) < P p*(z)
by (30). We also note that
Ge(z) < cp(z) 7

for all z € Q.
Since |v/te| < 1/4 in each B(z;,7), we may use a Taylor expansion
to obtain

1Q(v2) = Q(v1)|(z) < cltiel”™*(z)(|v1l(z) + |v2|(z))]v2 — v1[(z)-

So for z € B(z;,7) we have

p(x)>7)Q(v2) — Q(wy)|(x)
< ep(@)? T2 (o a0 + 102|200 12 — v1ll2,0
= cp(z)* 71 (||vall2.0p + [v2ll2.a0)llv2 = vil20
< CT"J’"’Z_lﬂéév_’%lez — V12,00

The coeflicient here may be taken as small as desired by choosing ¢
sufficiently small. Outside the union of these balls we use the estimates

N--Z22 N— 22
te(z) <ce *' andalso |v(z)| <ceg P77,

where the constant ¢ > 0 depends on 7 but not on v. For p(z) > 7 we
can neglect all factors involving p(z), hence for all z € 2, we have

p(2)771Q() — Qu1)|(2) < C(EE™ + P vz — v
< Ce((,p_l)(N_"_&)lvz — vy
/3 (N—-2)p—N
< 2
< BACO
for any constant B > Q, provided ¢, is chosen small enough.

We also need to estimate the Holder norm of Q(v;) ~ Q(vz2). By the
fourth part of Lemma 1, it suffices to estimate p3=*{V(Q(v,) — Q(v2))]-
We shall only sketch this briefly. First, in each B(z;,7) we compute
that

|lve — vall2,aw
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VQ) =p ((Be +v)P ' — @' — (p— ') (Vite)
+ p (e +v)P' — @271 (Vo)) .

For z € 1, there is a similar expression, except that we must be more
careful about the absolute value signs. However, in €2, we estimate each
term individually and conclude that

P IVQ(v1) — VQ(v5)] < CeSV P N Y|, — vylg,am

there. As before, this provides the proper estimate in this set. In
B(z;, 7) we use a Taylor expansion in the expression above to conclude
the proper estimate. This completes the proof of the Lemma when ¥ is
discrete.

To carry out the proof in the more general case, only fairly minor
changes need to be made in the argument above. The most important
one, already observed in §4, is that the weight parameter v must now
be constrained to lie in the smaller interval

~2 - - p—3
33 - < ¥V < mi 1=—"—R()}
(33 — min{ = + 1= E=2 6))
Furthermore, the estimate in Lemma 4 is slightly weaker than that in
Lemma 3, hence we must replace the exponent N — p—z_% in the above
argument by

_pP=3_
1=,-7 7

Thus we show that K is a contraction of the balls
B(eo, 3) = {v € Cf,’%(ﬂ \ D) 1 |[v]|z,a0 < Beg}-

The details of the argument need very little change since the nonlinear
term Q(v) is the same as before. This completes the proof in all cases.

Using this Lemma and the remarks preceding it, we may apply the
standard fixed point argument for contraction mappings to see that
there exists a unique solution v of the equation

v=—G¢ ((lv+ @l — a? — pat~'w) + f)

in B(eo, B) for every €, small enough, and for every K-tuple € satisfying
(30). Fixing some ¢y which is small enough for this argument to work,
and replacing €y by € < ¢ in this whole argument shows that we can
find a solution which is a small perturbation of % for every € and . for
which ae < ¢; <€ < €.
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10. The proofs completed

We have now completed the proof of the existence of solutions for
Theorems 1 and 2. In this section we indicate the arguments leading
to the determination of the deformation space of solutions for either
problem. We also indicate the small changes needed to complete the
proof of Theorem 3.

10.1. The deformation spaces

Included in the statements of Theorems 1 and 2 are the assertions
that the space of all solutions to the equation (1) on a domain © C
RY with isolated singularities at {z;,...,zx} C § is K dimensional,
and in general that if any component ¥; of the singular set is positive
dimensional, then there is an infinite dimensional family of solutions
with the same singular set. We recover both of these statements using
the implicit function theorem. The latter case is analogous to the one
studied in [8], and the former mirrors the situation in [7].

In both cases, the main point is that if u is the positive solution to
(1) constructed by the procedure of this paper, then the linearization
L = A + puP~! to the equation at u is nondegenerate in the sense that
it is surjective as a map from CE:%(Q \ Z) to C2%(Q\ ). This means,
using the implicit function theorem, that all solutions to the equation
which can be obtained as perturbations off of u by terms growing no
faster than p” are parametrized locally by elements of the nullspace of
this linearization in Cf;%. We shall prove this surjectivity in thé next
proposition, or rather, we will prove the dual statement as in §6 that
the linearization is injective on Ci’,%.

Proposition 7. Ifu=1u.+v is a solution of (1), as constructed in
the last section, with all ¢; € (ae,¢), and v € Cf;g(Q\ ¥) N Ble, B), then
if € is sufficiently small, the linearization L, = A+ puP~? is injective as
a map on Cz:ap(ﬂ \ 2).

Proof.  Suppose not, i.e., suppose there exists some sequence &
with €l? € (ae®, ) for some sequence ¢ — 0, and a solution ug =
Ugey + v such that the corresponding linearization L, ,, is not injective.
Thus there exists some ¢ € C2% such that L,,¢9 = 0. We make
exactly the same rescalings as in the proof of Theorem 5, to arrive at
the same contradiction. (Note, however, that since the ef—e) must all
tend to zero simultaneously, the proof simplifies somewhat.) The only
point that needs checking is that the operator obtained in the limit of
these rescalings is just L; or 1, according as whether ¥ is discrete
or not. The rescaling sending u(r) to uy(r) is uy(r) = /P~ Dy(er).
Applying this same rescaling to v(r) (suitably translated so that the
origin corresponds to the appropriate point of ¥) yields the function
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v(r) = €¢/®"Vy(er). Since |v(r)| < Be?p” for some positive exponent g,
we see that |v(r)| < Be?*"*#51 p¥ in some ball B, .. Since v + -5 >0
and g > 0, this term tends to zero with . Hence the limiting operator is
just A+pu?~!, as desired. Asshown in §7.2, this leads to a contradiction,
so the proposition is proved.

The next step is to compute the size of the nullspace of L, on
Ci’%(ﬂ \ ). We have already indicated that when some ¥; is posi-
tive dimensional this nullspace is infinite dimensional, and hence there
is an infinite dimensional space of solutions to the nonlinear problem.
But when ¥ is a finite set, then L is Fredholm and the nullspace is fi-
nite dimensional. We may calculate its dimension using a relative index
theorem.

Proposition 8. If Y is discrete, the nullspace of L, is K dimen-
sional. If any 3; has positive dimension, then the nullspace is infinite
dimensional.

Proof. The latter statement, that the nullspace is infinite dimen-
sional when some dim3; > 0 follows from the theory of [6]. In fact,
this nullspace is parametrized by functions (of a certain negative distri-
butional order!) along each of positive dimensional components of .
This infinite dimensionality can also be seen as a consequence of the fact
that the globalized linearization I, from §6.4 has infinite dimensional
nullspace, as was pointed out in Proposition 5.

That the nullspace of L, on C.’3 is K dimensional when I is discrete
is proved in exactly the same manner as the analogous fact in [7]. We
sketch this argument briefly here. Once again, L? techniques are used.
Let ind (6) denote the index of L, on p’L?. From the self-adjointness
of L, on L?(Q\ ) (with respect to Euclidean measure), we find that
ind (~8) = —ind (8), for any § ¢ {67 }. Although the index itself requires
global information to calculate, it is well known that the ‘relative index,’
i.e., the difference ind (') — ind (") depends only on asymptotic data
at the points of 3. Using the relative index theorem proved by Melrose,
we see that the relative index ind (—6) ~ ind (6) equals 2K (the details
are written out carefully in [7]). Combining these two facts, we find
that ind (—4) = K. However, since we have proved that L, has no
cokernel as a map from cﬁ;g, we conclude that the nullspace of L, is K
dimensional.

Using these facts, and a standard implicit function theorem argument
as in [7], we conclude the following result:

Theorem 7. When ¥ is a discrete set, then the solution space to
the equation (1) is locally o K dimensional real analytic variety. The
solutions constructed in this paper lie in the smooth set of this variety.
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The fact that this solution space is a real analytic variety (possibly
with singularities) may be deduced using the Ljapunov-Schmidt reduc-
tion argument, as in [4]. But since we have produced smooth points
in this variety, having found solutions u for which the corresponding
linearization L, is surjective, we conclude that the top stratum of this
variety is K dimensional, hence that almost every solution is nondegen-
erate in this sense.

Finally, we may sharpen the deformation result when ¥ is not nec-
essarily discrete, applying the implicit function argument from [8] to
conclude

Theorem 8. Let © C Q be any union of C>* submanifolds T;
of dimensions k; satisfying the restrictions of Theorem 2. Then the
equation (1) has an infinite dimensional family of solutions. :

10.2. The singular Yamabe problem on manifolds of positive
scalar curvature

The modifications in the arguments of this paper required to solve
the singular Yamabe problem on an arbitary compact manifold (M, go),
where R(gy) > 0, with singular set prescribed on an arbitrary finite
disjoint union of smooth submanifolds ¥; of dimensions greater than
zero and less than (or equal to) (n — 2)/2 are very minor. The equation
that now must be solved is

n—2 n—2 a2
Ay v — ———R — L =0
g0V 4(7’7.—1) (gO)v+ 4(n_1)v ’

v>0 on M\Z, sing (v) = X.
The operator in the first two terms here, i.e., the linear part, is called the
conformal Laplacian L, associated to the metric g;. The linearization
of this operator around the approximate solution . is
n-—2
- —0 (R —put?).

Now, the rescalings of this linearization may be effected in exactly the
same ways in local Fermi coordinate systems around the submanifolds
¥;. The extra term, of order zero, in this operator disappears in these
rescalings; the resulting model operator we need to study is exactly the
operator I; from §6. Thus we prove, as before, that this linearization
is uniformly surjective, provided all components of € are small enough.
The fixed point argument shows that (26) has a solution v. The only
point of the whole argument that needs special comment is to indicate
where we use the assumption that the conformal class of the metric g
is positive. This is when we show that 4. + v remains positive on all of

M\ T; at this step we use that A — TT;%R(QO) satisfies the maximum
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principle — and this is only true if R(go) is nonnegative. This completes
the proof of Theorem 3.
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